In multiband superconductors, multiple collective modes exist associated with the multiple order parameters. Oscillations of the amplitude and the relative phase of the order parameters are called Higgs and Leggett modes, respectively. Recently, it has been suggested that nonmagnetic impurity scattering would enhance nonlinear coupling between the Higgs mode and light, while its effect on the Leggett mode is still unresolved. Here, we theoretically investigated the nonlinear optical response of multiband Bardeen-Cooper-Schrieffer-type superconductors in the presence of nonmagnetic impurities, with a density matrix approach extending the Mattis-Bardeen model of linear response. We found that, unlike the Higgs mode, coupling of the Leggett mode with light is hardly affected by nonmagnetic impurity scattering. As a result, both the light-induced dynamics of the superconducting gaps and the resulting third-harmonic generation are dominated by the Higgs mode. We also examined the role of quasiparticle excitations, revealing a less contribution to the third-harmonic generation.
I. INTRODUCTION
Collective modes in superconductors have recently gained great interest owing to the development of nonlinear terahertz spectroscopy [1] . Because a superconducting order parameter is a complex quantity in general, one superconducting degree of freedom accommodates one amplitude mode [2] and one phase mode [3] [4] [5] . In superconductors, the Anderson-Higgs mechanism elevates the energy of the phase mode to the plasma frequency far larger than the superconducting gap [6] [7] [8] [9] [10] . As a result, the amplitude mode is left stable in the low-energy region and is specially called a Higgs mode [9, 11, 12] . The Higgs mode was initially identified in a superconductor with a coexisting charge-density wave order by Raman spectroscopy [13] [14] [15] . Nonlinear terahertz spectroscopy has enabled the observation of the Higgs mode in conventional superconductors as well, in the form of a free or forced oscillation and the resulting third-harmonic generation (THG) [16] [17] [18] . This technique has been also applied to unconventional superconductors to investigate elementary excitations and paring mechanisms [19, 20] .
Multiband superconductors can accommodate a variety of collective modes because of multiple degrees of freedom. For example, two interacting phase modes are transformed into a high-energy plasma oscillation and a low-energy gapped mode, called a Leggett mode [21] [22] [23] . The Leggett mode has been observed in a two-gap superconductor MgB 2 by Raman spectroscopy [24] [25] [26] . Multiple Higgs modes should also interact with each other through the interband paring interaction [27] , while it is not yet experimentally observed. Similarly to the single-band cases, nonlinear terahertz spectroscopy offers a unique opportunity to investigate interaction between these collective modes and the origin of paring in multiband superconductors [28] . Recently, a terahertz pumpterahertz probe measurement on MgB 2 has been reported [29] , where the pump-induced oscillation of the transmitted probe electric field is attributed to the Leggett mode. However, the theoretical analysis presented there neglects the effect of impurity scattering, which may underestimate the contribution from the Higgs mode.
In single-band superconductors, it has been theoretically shown that optical transitions mediated by nonmagnetic impurity scattering significantly enhances nonlinear optical response of the Higgs mode [30] [31] [32] . Typical multiband superconductors, such as MgB 2 and ironbased superconductors, actually often exhibit characteristics of impurity scattering in the energy region around the superconducting gaps even in the linear response [33, 34] . Therefore, it is indispensable to take into account the effects of impurities beyond the clean-limit analysis [27, 29, [35] [36] [37] , to consider nonlinear optical response of multiband superconductors. For that purpose, we extend the Mattis-Bardeen (MB) model for linear response of single-band Bardeen-Cooper-Schrieffer (BCS)-type superconductors [38] [39] [40] to a multiband system and nonlinear regime. We found that optical response of the Leggett mode is insensitive to nonmagnetic impurity scattering. Consequently, magnitude of light-induced oscillation of the Leggett mode is far smaller than the Higgs mode assisted by impurities. We also revealed that the Higgs mode contributes to THG dominating the contributions from the Leggett mode and quasiparticle excitations.
This paper is organized as follows. Section II formulates the Hamiltonian which takes into account both impurity scattering and light-matter interaction, and introduces a density matrix to describe light-induced collective modes and nonlinear optical response. Section III analyzes the linear response of a two-band superconductor. Section IV considers light-induced collective modes in the presence of impurity scattering. First, we confirm the effect of impurities in a single-band superconductor which was previously tested by Green's function method [30, 32] . We then examine the excitation of the Higgs and Leggett modes in a two-band superconductor for several excitation conditions. Section V discusses THG, decomposing contributions from the Higgs, Leggett modes and quasiparticles. Finally, Sec. VI summarizes the obtained results.
II. DENSITY MATRIX FORMULATION

Multiband BCS Hamiltonian
We extend the Mattis-Bardeen (MB) model [38] of light-matter interaction in superconductors to a multiband system. First, the noninteracting part of the Hamiltonian is written as
where c † ikσ (c ikσ ) creates (annihilates) an electron with the crystal momentum k and the spin σ in an energy band labeled by i. We assume the inversion symmetry of the system requiring ǫ ik = ǫ i(−k) . In the following, we restrict ourselves to the simplest case where every band is well described by a parabolic dispersion relation,
with m i (> 0) and ǫ Fi (> 0) being the effective mass and the Fermi energy, respectively. The band extremum, set at the Γ point (k = 0) in Eq. (2) for simplicity, can be moved to any point in the Brillouin zone, as long as the overall inversion symmetry is maintained. To be exact, k cannot be regarded as the crystal momentum in the presence of impurities that break the translational symmetry of the crystal. Nevertheless, it serves as a quantum number labeling the true energy eigenstates. When the concentration of impurities is not too high, the energy eigenvalues should be hardly modified, which allows us to use Eq. (2) even for dirty systems.
For later convenience, the Fermi momentum k Fi and the Fermi velocity v Fi are introduced through
Note that we have chosen = 1. We assume banddependent quantities (e.g., ǫ Fi and k Fi ) to be in the same order for every band. The respective order will be represented by symbols without the band index (e.g, ǫ F and k F ).
Next, the pairing interaction is given by
where U ij is the pairing potential between ith and jth bands [41] . Throughout the paper, the volume of the system is set to unity. In single-band superconductors, Anderson's theorem guarantees robustness of the paring potential (4) against nonmagnetic impurities [42] . In multiband systems, however, Anderson's theorem generally fails because of interband scattering [43] . As a result, U ij can depend on density of impurities, and concomitantly on momenta k and k ′ . It then should modify the transition temperature and the magnitude of superconducting gaps [44] . However, it has been shown that both quantities only slightly depend on the concentration of impurities in MgB 2 [33, 45] . In FeSe being another typical multiband superconductor, superconductivity is more robust against impurities than expected from theory considering interband impurity scattering [46] . Therefore, we neglect this effect and adopt Eq. (4) in the following. Physically, this assumption requires that the impurities cannot scatter electrons over the separation between different Fermi surfaces.
According to the above reasoning, we neglect interband impurity scattering also in optical transitions. Then, only intraband transitions suffice for consideration of low-energy optical response, described by an interaction Hamiltonian
Here, J ikk ′ is the matrix element of the current operator ep/m 0 with the momentum operatorp, the charge e(< 0) and the mass m 0 of a free electron, and A is vector potential of the external light field assumed to be spatially homogeneous upon dipole approximation. We also have to take into account the nonlinear coupling to the light field,
to preserve the gauge invariance of the model. Finally, the total Hamiltonian is given by
H 1 and H 2 describe the paramagnetic and diamagnetic coupling to the light field, respectively. In an ideal crystal (the clean limit explained below), the former coupling is known to be negligible [17, 35] . In dirty systems, however, the paramagnetic coupling is essential. For example, H 1 is indispensable to describe linear response of dirty single-band BCS superconductors [38] [39] [40] . It has been predicted that this coupling would dominate also the nonlinear optical response [30] [31] [32] . In terms of the Green's function method, this is because impurity scattering produces nonvanishing Feynman diagrams that vanish in the clean limit [47] . We adopt the MB model rather than employing Green's functions to examine effects of the paramagnetic coupling assisted by the impurity scattering. ,
which yields
with
The superscript "eq" labels the equilibrium values. All energy bands are formally independent of each other in Eq. (16) . The interband interaction works only through the self-consistency condition (13) . Assuming Fermi statistics of Bogoliubov quasiparticles, Eq. (13) is explicitly rewritten as
where ω D is the Debye frequency. Equation (18) gives the gap equation for a multiband BCS superconductor. We will consider U ij to be a real number, which allows us to choose real values for ∆ eq i and v ik at the equilibrium. As in usual BCS theory, we assume
Now, we have three characteristic energy scales:
The scattering rate γ. (C) The superconducting gap 2∆ eq . We have already assumed two inequalities, Eq. (11) between (A) and (B) and Eq. (19) between (A) and (C). The remaining relationship between (B) and (C) concerns the distinction between "clean" and "dirty" systems:
In the clean limit, we can neglect the impurity scattering in the frequency region around 2∆ eq that we are interested in. On the other hand, the impurity scattering plays a significant role in mediating nonlinear interaction between light and collective modes in the dirty limit [30] [31] [32] . We also call more general cases "dirty," when γ and 2∆
eq are in the same order.
Collective modes
Now, let us introduce a variation in the gap function as ∆ i (t) = ∆ eq i + δ∆ i (t). Then, H int in Eq. (14) produces a perturbation Hamiltonian
where δ∆
Formally, δ∆ i acts as an external field; however, the resulting motion of quasiparticles in turn affects δ∆ i itself through the self-consistency condition (13) . This feedback process induces the collective modes. In terms of the density matrix for quasiparticles,
Eq. (13) is rewritten as
The real and imaginary parts correspond to the Higgs and Leggett modes, respectively.
Light-matter interaction
In the quasiparticle representation, the light-matter interaction is rewritten as
where
are coherence factors [48] . We have used J i(−k ′ )(−k) = −J ikk ′ which characterizes the case II interaction in the classification by BCS [49] . We need to calculate electric current to consider the optical response. Using the density matrix, current density is expressed as
with the paramagnetic component
and the diamagnetic component,
Equation of motion
Now, we construct a 4-component vector
which follows the equation of motion
where the total Hamiltonian, i.e., the summation of Eqs. (16), (21), (25), (26) , is written as
In the following sections, we will solve the equation of motion (32) in a perturbative manner. For that purpose, we expand the relevant quantities as a power series in A, e.g., in a form of
where the additional subscript denotes the order of A. Note that the subscript "0" is equivalent to the superscript "eq." The equilibrium values are given by
III. LINEAR RESPONSE First, we consider the linear response. It is known that the collective modes do not respond to light in the linear response regime in the absence of any other external fields. As a result, we can neglect δH int and consider only H 1 as the perturbation Hamiltonian. The corresponding equation of motion is
Equation (39) is solved in a form of
where the function
We can confirm that the gap function does not respond linearly to vector potential, i.e.,
by substituting Eq. (41) into Eqs. (23) and (24). Because we have considered an isotropic system, the induced current is parallel to A. As a result, the paramagnetic component of the current becomes
Now, we replace the summation over k by integration over energy, following
where Ω k denotes the solid angle of k. Extension of the integration interval to (−∞, ∞) is justified because large |ǫ ik | contributes only negligibly to the integral. With the above replacement, we obtain
are functions of ǫ = ǫ ik and ǫ ′ = ǫ ik ′ . With the use of MB model (8), Eq. (48) is rewritten as
2 is the density of carriers (either electrons or holes).
Next, we have to consider the diamagnetic component of the induced current. It is more convenient to go back to the interaction Hamiltonian (6) than to use expression (30) . From Eq. (6), we obtain
For an electron band (s i = +1), this equation is reduced to
Because this expression does not depend on the sign of e, Eq. (52) is also applicable to a hole band. Strictly speaking, one has to take into account the nonparabolicity of the dispersion relation far from the Fermi surface to derive Eq. (52) for a hole band. After the summation j(t)
we can obtain the optical conductivity
where j(ω) is the Fourier transform of e · j(t)| 1 and E(ω) is that of the electric field E(t) = −∂A(t)/∂t. The real part σ 1 (ω) corresponds to absorption of light while the imaginary part σ 2 (ω) corresponds to refraction.
In numerical calculations, we introduce a cutoff in the energy integrals in Eq. (50) . Then, the real part of the optical conductivity σ 1 (ω) is incorrectly given at a large photon energy ω beyond the cutoff. This leads to incorrect evaluation of the imaginary part σ 2 (ω) even for a low photon energy because of the Kramers-Kronig relation. To improve the evaluation, it is convenient to follow MB's method [38] , rewriting
where f (ǫ) = 1/(e βǫ + 1). Equation (54) is identical to Eq. (52) as long as the integration interval ranges infinity. Even when a cutoff is introduced, this expression guarantees σ 2 (ω → 0) → 0 for the normal state above the critical temperature.
For simplicity, we considered a two-band system with the following parameters:
Temperature dependence of the superconducting gaps obtained from the gap equation (18) is shown in Fig. 1  (a) . Both bands establish superconductivity (2∆ i = 0 with the superscript "eq" omitted) at a common critical temperature T c = 0.54. They take the maximum values at the absolute zero, 2∆ 1 (0) = 0.97 and 2∆ 2 (0) = 2.1.
We introduced a monocycle electric field described by
with τ = 2π × 0.1, Ω = 0. The electric field waveform is plotted in Fig. 1 (b) . We solved Eqs. (42) and (43) in the time domain to calculate the electric current. The simulated results are plotted in Fig. 1 (c) for T = 0.6 > T c (dotted) and T = 0.02 < T c (solid). While the former closely follows the electric field waveform, the latter shows a characteristic oscillatory structure. We calculated the optical conductivity (53) and show it in Fig. 1 (d) for T = 0.6 and in (e) for T = 0.02. The solid and open circles are the real and imaginary parts, respectively. Above T c , the optical conductivity is structureless in the plotted frequency range as seen in (d). It can be shown that the response exactly coincides with the Drude model [38] ,
which is shown in Fig. (d) as solid lines. Small discrepancy between the calculated result and the Drude model in σ 2 (ω) arises from the cutoff introduced in numerical integration.
On the other hand, below T c ( Fig. 1 (e) ), the imaginary part (open circles) diverges toward ω → 0 being an indicator of superconductivity. Even more remarkably, the real part (solid circles) shows a double-gapped structure. The absorption edges coincide with the superconducting gaps 2∆ i indicated by arrows. The dashed line depicts the contribution from the band with the smaller gap 2∆ 1 as a guide to the eye. It can be shown that the response exactly coincides with the sum of MB conductivity explicitly given in Refs. [39, 40] over all bands. MB model conductivity is plotted as the solid lines in Fig.  1 (e) , displaying a good agreement with the simulation. This ensures the validity of our time-domain calculation.
IV. NONLINEAR EXCITATION OF COLLECTIVE MODES
Let us proceed to the next order. It is well known that an isotropic system exhibits no even-order nonlinearities, so that
Therefore, we can concentrate on δ∆ i (t)| 2 . The relevant equation of motion is
The second-order Hamiltonian can be decomposed into contributions from the quasiparticles (Q), the Higgs mode (H), and the Leggett mode (L) as
First, the quasiparticle contribution is
Second, the Higgs mode contribution is
Finally, the Leggett mode contribution is
Although the equation of motion (58) looks very complicated, a careful inspection simplifies the problem. We notice that Eqs. (23) and (24) can be rewritten as
where u i (ǫ) = u ik , v i (ǫ) = v ik , and
Therefore, we can drop the dependence of the density matrix on the angle of k.
Similarly to the interaction Hamiltonian (59), the induced motion of the density matrix can be also decomposed into the quasiparticle, Higgs mode, and Leggett mode. 
Because
Higgs mode
The non-diagonal components r 
where /2m. Arrows connects the clean limit (γ ≪ 2∆) on the left side and the dirty limit (γ ≫ 2∆) on the right side. For a reference, square brackets show the case when the energy dispersion relation exhibits a nonparabolicity, calculated in the clean limit [35] . The asterisked part is neglected in the main text.
to be always satisfied. This self-consistency condition induces the Higgs mode resonance.
For the incident frequency around 2∆, the amplitude of the induced Higgs mode is estimated as follows:
This estimation predicts the most efficient excitation of the Higgs mode at γ ∼ 2∆, which will be confirmed numerically. Equation (78) arises from only the paramagnetic coupling (abbreviated as "Para") because the diamagnetic coupling (to be abbreviated as "Dia") vanishes in Eq. (76). However, it is known that the latter can also induce the Higgs mode when the energy dispersion relation exhibits a nonparabolicity in the clean limit [35] . Because the diamagnetic term (5) of the Hamiltonian is less sensitive to impurity scattering than the paramagnetic term (6), it is reasonable to assume that the correction by a small nonparabolicity does not depend on γ:
Here, we have used that U ∼ ǫ F which is valid for phononmediated interactions [50] . Because Eq. (79) is smaller than Eq. (78), the paramagnetic coupling is more important in optical excitation of the Higgs mode. Result of the order estimation is summarized in the second row of Table I . It has been suggested that retardation of the phononmediated interaction also enhances the nonlinear optical response of the Higgs mode [47] . Even in this case, the enhancement arises from the paramagnetic coupling, termed there "resonant coupling" from an analogy with Raman scattering. It is an interesting problem to compare it with the effect of impurity scattering quantitatively, which is outside the scope of this paper. However, retarded interaction predicts comparable contributions by the Higgs mode induced via the paramagnetic or "resonant" coupling and by quasiparticles excited via the diamagnetic or "nonresonant" coupling in THG. This contrasts with our discussion in the next section which predicts dominance of the former contribution. Therefore, it is possible that impurity scattering is more important in enhancing the coupling between the Higgs mode and light.
Leggett mode
The even component r
21,even i
(ǫ) corresponds to the Leggett mode. It follows
The paramagnetic coupling vanishes here. This equation has to be solved consistently with Eq. (67), which induces the Leggett mode. Its amplitude is estimated as
This result is corrected by a particle-hole asymmetry which modifies energy integrals through the finite slope of the density of states on the Fermi surface. The resulting correction is in the following order:
This correction is not essential, because it does not exceed Eq. (81). Therefore, we will neglect it in the following. Result of the order estimation is summarized in the third row of Table I . Even when the interband impurity scattering is taken into account in the paramagnetic coupling, it can be shown that the above order estimation holds as long as the transition matrix element can be expressed as a function of ǫ − ǫ ′ , the difference between the initial state energy ǫ and and the final state energy ǫ ′ , like Eq. (8).
A. Single-band case
Before discussing the multiband case, let us verify the effect of impurity scattering on the Higgs mode in a single-band superconductor, previously investigated by the Green's function method [30] . We used N (0)U = 0.27 and ω D = 10, which leads to 2∆ = 1 at T = 0. The real part of the optical conductivity σ 1 (ω) is plotted in Fig.  2 (a) for γ/2∆=0.1, 0.2, 1, 3, and 5, as blue, green, yellow, orange, and red lines, respectively. We introduced a multicycle pulse described by vector potential (55) with τ = 2π × 1, Ω = 0.5. Its waveform E(t) is shown in Fig. 2 (b) while the power spectrum |E(ω)| 2 is plotted as the dotted line in (a). The latter is located inside the gap 2∆, indicating no optical excitation of quasiparticles. The simulated dynamics of δ∆ ′ (t) is plotted in Fig. 2 (c) with the same parameters and colors as in (a). All curves show a clear oscillation with the doubled frequency 2Ω. Free oscillation of the Higgs mode remains after excitation (2∆t/2π > 6), because the incident pulse satisfies the resonance condition for the Higgs mode, 2Ω = 2∆ [27, 32] . The amplitude of oscillation, however, depends on γ. We plotted the maximum of |δ∆ ′ (t)| as a function of γ as circles in Fig. 2 (d) , which takes the maximum value at γ ∼ 2∆ consistently with the above order estimation. In Fig. 2 (d) , we also plotted the maximum value of σ 1 (ω), that clearly correlates with the amplitude of the Higgs mode. This result indicates that virtual excitation of optically active intermediate states concerns excitation of the Higgs mode. All these properties successfully reproduce the results obtained by the Green's function method [30] .
B. Two-band case
Now, we return to the two-band system considered in the last section. We concentrate on T = 0.02 well below T c . First, we examine a nonadiabatic excitation in which the electric field varies faster than the superconducting response time 2π/2∆. The monocycle pulse used in the previous section fits this purpose. In Fig. 3 (a) , the electric field waveform is shown again. Its power spectrum plotted in Fig. 3 (d) exhibits a broad bandwidth covering both gaps indicated by dotted lines. Figure 3 (b) shows the induced dynamics of δ∆ two Higgs modes [27] . Due to the interband interaction U 12 , they mutually interact so that both gaps oscillate with both frequencies. On the other hand, Fig. 3 (c) shows dynamics of the phase difference
which displays a damped oscillation of the Leggett mode. Its power spectrum is shown in Fig. 3 (f) . Because relatively large interband interaction U 12 pushes up the resonance energy above the lower gap 2∆ 1 , the mode acquires finite lifetime coming from decay into the quasiparticle continuum. These oscillations of the gaps may be detectable in pump-probe experiments [16] . However, having seen that the Leggett mode is far smaller than the Higgs mode, δ∆ ′′ (t) ≪ δ∆ ′ (t), the observation of the Leggett mode is expected to be difficult.
Next, we consider the excitation by multicycle pulses. In Fig. 4 (a) , we plot the power spectra of pulses with Ω = 0.25, 0.5, 0.75, 1, 1.5, and 3, from left to right. Another parameter τ is set to τ = 2π × 1 for the former five and τ = 2π × 0.3 for the last one.
Figures 4 (b1)-(b3) show E(t), δ∆ ′ 1,2 (t), and δϕ(t), respectively, for Ω = 0.25, τ = 2π × 1. In this case, photon energy Ω < 2∆ 1 is insufficient to excite Bogoliubov quasiparticles. Also, it deviates from the resonance condition for the Higgs mode (2Ω ≃ 2∆ 1,2 ). As a result, the gap function varies only through virtual excitation of quasiparticles and approaches 0 right after the electric field vanishes.
Figures 4 (c1)-(c3) show the case with Ω = 0.5. Photon energy is again insufficient to excite quasiparticles (Ω < 2∆ 1 ), but now satisfies the resonance condition for the 
Figures 4 (d1)-(d3) show the case with Ω = 0.75. Still, quasiparticles are not excited because Ω < 2∆ 1 , and the resonance condition 2Ω ≃ 2∆ 1,2 is not met again. Correspondingly, the gap functions rapidly approach 0 after forced oscillation. In fact, 2Ω = 1.5 is close to the resonance condition for the Leggett mode, because its energy is about 1.3 in the present model [27] . However, Fig. 4 (d3) shows no remarkable structure because it is damped. Figures 4 (e1)-(e3) show the case with Ω = 1. Now, the power spectrum overlaps with the onset of conductivity (2∆ 1 ) as seen in Fig. 4 (a) , so that quasiparticles are excited. In addition, the resonance condition for the larger-energy Higgs mode 2Ω ≃ 2∆ 2 is satisfied, so that the Higgs mode is also excited. As a result, δ∆ Finally, we examine impulsive stimulated Raman scattering with low-energy light. To this end, we considered a pulse with Ω = 3, τ = 2π × 0.3. The rightmost curve in Fig. 4 (a) plots the corresponding power spectrum, showing a bandwidth comparable with the smaller gap and thus sufficient to excite the lower-energy Higgs mode with a Raman process. The simulated result is shown in Figs. 4 (g1)-(g3) . Now the oscillation of the incident pulse is so fast that the real parts δ∆ ′ 1,2 (t) cannot follow it. As a result, they almost monotonically decrease within the pulse duration. After excitation (t/2π > 4.5), however, a small oscillation remains, which reflects the Higgs mode induced by the Raman process. But its oscillation is blurred by the large gap reduction by quasiparticle excitations. On the other hand, oscillation of the Leggett mode is more easily seen in Fig. 4 (c) . When the incident photon energy exceeds γ (∼ 0.1 eV) as in usual Raman experiments, the impurity-assisted paramagnetic coupling does not work. Then the Higgs mode oscillation will be suppressed. This consideration on impulsive stimulated Raman scattering may explain the reason why the Higgs mode in MgB 2 has not been observed through the spontaneous Raman scattering [24] .
To be exact, relaxation processes will modify lightinduced dynamics of the gap functions. For example, strong electron-phonon interaction gives rise to damping of the Higgs mode at high temperatures [51] while carrier-carrier scattering redistributes the photoexcited quasiparticles. However, it is reasonable to expect that the calculated results will not be significantly altered, especially just under illumination of the optical pulse. Thus we do not consider relaxation processes other than the impurity scattering already taken into account. 
V. THIRD-HARMONIC GENERATION
Let us now consider THG. We start from a qualitative discussion of its origin. Figure 5 schematically shows the processes that concern THG in BCS superconductors. First, Fig. 5 (a) gives the simplest one in which a Bogoliubov quasiparticle absorbs three photons and emits one photon. No collective mode concerns this process. However, quasiparticles can emit not only photons but also collective modes. In this point of view, Eqs. (66) and (67) can be regarded as the solution of a wave equation for δ∆ with the source r ab (ǫ). The emitted δ∆ then formally acts as an external field in Eq. (21) and thus is absorbed by quasiparticles again. Such a sequence induces the collective modes as depicted in Fig. 5 (b) . As a result, the collective modes can also contribute to THG through diagrams shown in Fig. 5 (c) .
Below, we concentrate on the case of narrow-band excitation with the center frequency Ω ≪ γ (corresponding to the dirty limit), which enables us to approximate
In the case of Ω ≫ γ (corresponding to the clean limit), the right-hand side is only multiplied by 9/5. Therefore, the exact form of the transition matrix elements does not matter significantly to the final results.
The third-order current density is given by
and
The function R ab i (ǫ, ǫ ′ ) follows the equation of motion
under the particle-hole symmetry. Only the Higgs mode and quasipaticle excitations contribute to the paramagnetic component. An order estimation gives
(HM&QP/Para)
Here, HM and QP are abbreviations of the Higgs mode and quasiparticles, respectively. When a small particle-hole asymmetry is taken into account, the Leggett mode (LM) also contributes to j P (t)| 3 . However, its order is small compared to the others:
(LM/Para)
TABLE II. Order of the third-order current j(t)|3 in the unit of (e 4 n/m 2 ǫF)A 3 . Arrows connects the clean limit (γ ≪ 2∆) on the left side and the dirty limit (γ ≫ 2∆) on the right side. For reference, square brackets show the case when the energy dispersion relation exhibits a nonparabolicity, calculated in the clean limit [27, 35] . The asterisked part is neglected in the main text. The combination of QP and Dia is specially called charge-density fluctuations.
Therefore, this contirbution is negligible.
We turn to the diamagnetic component. For a parabolic and isotropic dispersion relation, only r 21,even i (ǫ) contributes to Eq. (87). In other words, only the Leggett mode contributes to the diamagnetic component. This is understood in terms of Eq. (52), which can be extended to nonlinear current by allowing carrier density n i to vary. While the Leggett mode changes n i through the interband Josephson coupling U 12 , the Higgs mode and quasiparticles do not. Therefore, the latter two do not contribute to the diamagnetic component of the third-order current. Its order is then estimated as
In the clean limit, however, it is known that a nonparabolicity of the dispersion relation enables the Higgs mode and quasiparticles to induce nonzero j D (t) [27, 35] . The corresponding correction is given by
Again, it is reasonable to assume the validity of this order estimation even for dirty cases, because of the insensitivity of the interaction Hamiltonian (6) against the impurity scattering. The order estimation is summarized in Table II . As already mentioned, only the diamagnetic coupling contributes to THG in the clean limit. And the phase degree of freedom is negligible in single-band systems. As a result, the combination of quasiparticles and the diamagnetic coupling (called charge-density fluctuations) gives the dominant origin of THG [36] , unless one includes the retardation effect beyond the BCS mean-field treatment [47] . The Leggett mode also contributes in the same order in multiband systems [27] . In dirty systems, however, Eq. (95) is negligible compared to Eq. (92). Therefore, in most superconductors exhibiting a dirty nature (2∆ < γ), the dominant origin of THG will be the Higgs mode and quasiparticles excited by the paramagnetic coupling.
The above order estimation cannot reveal the relative importance of the Higgs mode and quasiparticles. To ex- amine it, we considered a two-band system with the same parameters as in Sec. III. For simplicity, we concentrated on T = 0.02 well below T c = 0.54 and on a multicycle pulse (55) with Ω = 1 and τ = 2π × 1, which was used also in Fig. 4 (e) . The chosen frequency satisfies the resonance condition 2Ω ≃ 2∆ 2 both for the Higgs mode with the larger energy and for the quasiparticle excitations with the larger gap.
The electric field waveform is plotted in the top panel of Fig. 6 (a) with the induced third-order current j (3) (t) = e · j(t)| 3 in the next panel. We can decompose the latter into contributions from the Higgs mode, quasiparticles, and the Leggett mode, which are shown in the subsequent three panels in order. In our approximations, the diamagnetic component j L (t) = e · j D (t)| 3 corresponds to the Leggett mode (green). This is about 5000 times smaller than the others, being consistent with the order estimation predicting a (ǫ F /γ) 2 ∼ 10 3 times smaller contribution for the chosen parameters. The contribution from quasiparticles j Q (t) = e · j P (t)| 3,δ∆ ′ =0 is obtained by neglecting the self-consistency condition (66), i.e., artificially putting δ∆ ′ = 0 (yellow). The remaining part j
H (t) = e · [j P (t)| 3 − j P (t)| 3,δ∆ ′ =0 ] arises from the Higgs mode (orange). All these contributions consist of components with the frequency Ω+Ω+Ω = 3Ω (THG) and with Ω−Ω+Ω = Ω (two-photon absorption). First, we examine the former. In Fig. 6 (b) , we plot the power spectrum of the induced current j (3) (t) for 2 ≤ ω ≤ 4. The topmost (red) curve corresponds to the total third-order current, peaked at the third-harmonic frequency ω = 3Ω = 3. The lower three lines are given by considering only the Higgs mode, only quasiparticles, and only the Leggett mode, from top to bottom, respectively. As seen easily, the total third harmonic is dominated by the Higgs mode (orange), while the contribution from quasiparticles is about one order of magnitude smaller (yellow). This behavior is similar to the conductivity spectrum of a single-band superconductor with a dc supercurrent featured by a modification by the Higgs mode larger than by quasiparticles [52, 53] . Because the contribution from the Leggett mode is so small that it is originally outside the plotted region, the corresponding curve is multiplied by 10 5 (green). This numerical simulation thus reveals that the Higgs mode plays the dominant role in THG, Finally, we mention the two-photon absorption. We introduce a nonlinear absorption spectrum Re σ (3) (ω) = Re
This function gives the nonlinear correction to the absorption spectrum effectively felt by the incident electric field itself. We plotted the calculated spectra in Fig. 6 (c). Because Eq. (96) condenses all sum-and differencefrequency generation processes into dependence on a single frequency ω, an unphysical upturn at the edges of the pump bandwidth appears. However, it does not matter because the absorbed energy is proportional to Re σ (3) (ω) times |E(ω)| 2 . In Fig. 6 (c) , it can be seen that contributions from the Higgs mode (orange) and quasiparticles (yellow) are comparable, while that from the Leggett mode (green) is small (it is shown after multiplication by 5000). This observation confirms the result of Sec. IV which found that two-photon excitation of the Higgs mode can occur more efficiently than the Leggett mode.
VI. CONCLUSION
In summary, we investigated the nonlinear optical response of weak-coupling multiband superconductors containing nonmagnetic impurities with a density matrix approach. We found that impurity scattering enhances the light-induced Higgs mode through the paramagnetic coupling with the gauge field, while the Leggett mode is left hardly affected. Consequently, light-induced nonequilibrium dynamics of superconducting gaps is dominated by the Higgs mode for a low-energy excitation. We also studied THG in dirty multiband superconductors, revealing the dominant contribution from the Higgs mode. Contribution from quasiparticle excitations is smaller, and Leggett mode will be negligible in this phenomenon.
It is an interesting problem to quantitatively compare the enhancement of the Higgs mode by nonmagnetic impurities with another enhancement by retarded interaction [47] . In addition, to the best of our knowledge, it is not known how the interband impurity scattering affects the resonance structure of collective modes. Use of Green's function method, which can take into account the retardation effect of phonon-mediated interaction [47, 51] , interband impurity scattering [54] , and also magnetic impurities [32] etc., may pave the way for more detailed understanding of nonequilibrium properties of superconductors.
